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In this paper we compute the low energy absorption cross-section for minimally coupled massles
scalars and spin-1/2 particles, into a general spherically symmetric black hole in arbitrary dimen-
sions. The scalars have a cross section equal to the area of the black hole, while the spin-1/2 particles
give the area measured in a flat spatial metric conformally related to the true metric.
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Recently there has been great interest in the possibil-
ity of relating some of the properties of classical black
hole solutions of the low energy supergravity [1] lim-
its of string theories to a more fundamental microscopic
description based on strings and D-branes. In partic-
ular extremal black holes correspond in many cases to
BPS states of the theory, and their number for a given
set of charges is expected to be independent of cou-
pling. This allows a comparison between the number
of particle states (computable at weak coupling) with
the Bekenstein-Hawking entropy of the black hole (which
would exist for the same charges at strong coupling).
Agreement is found in all the cases investigated so far
[2] , thus suggesting that the Bekenstein-Hawking en-
tropy for a hole does indeed correspond to the count of
microstates for the hole, though it is still unclear where
these microstates actually reside.
To study interesting processes like Hawking radiation,
we need to allow quanta to fall into the hole, render-
ing it non-BPS, after which it would evaporate back to-
wards extremality. Are there relations between the prop-
erties of particle states at weak coupling and properties of
black holes, when we consider deviations from extremal-
ity? One result in this direction was presented in [3]
where it was shown that if one naively ignores interaction
between non-BPS states, then the degeneracy of a collec-
tion of branes and anti-branes continues to reproduce the
Bekenstein-Hawking entropy for non-extremal holes and
leads to the correct Hawking temperature. In [4,5] it was
found that if one computes the low energy cross-section
for absorption and emission of neutral scalars in the 4+1
dimensional extremal black hole, then this cross section
agrees exactly with that for absorption or emission with
the corresponding collection of branes at weak coupling.
This result has been extended to charged scalars in 4
and 5 dimensions in [6]. Recently it has been shown [7]
that the D-brane decay reproduces the correct grey body
factors both for neutral and charged scalar emission.
To discover if these are examples of a general pattern
of universality in the theory, we need to observe uni-
versalities that may exist in the interactions of classical
black holes. The absorption cross section for low en-
ergy particles in 3+1 dimensional black holes was stud-
ied extensively in the past, for example by Starobinski
and Churilov [8], Gibbons [9] Page [10] and Unruh [11].
In these calculations if we consider the particle to be a
massless minimally coupled scalar, then we find that the
cross section equals the area of the horizon of the black
hole. In [12] and [4], the 4+1 dimensional cases stud-
ied also yielded a cross section equal to the area of the
horizon. It was found in [13], however, that the low en-
ergy cross section for fixed scalars (i.e. scalars which take
fixed values at the horizon of some extreme black holes)
is suppressed by powers of the frequency.
In this paper we show that for all spherically sym-
metric black holes the low energy cross section for mass-
less minimally coupled scalars is always the area of the
horizon. Further, we also find the corresponding result
for minimally coupled massless spin-1/2 quanta, and this
also exhibits a universal form. Note that the absorption
processes studied here are not for black holes close to
extremality, though they do have the restriction to low
energies.
We will consider general metrics in (p + 2) spacetime
dimensions of the form
ds2 = −f(r)dt2 + g(r)[dr2 + r2dΩ2p] (1)
where dΩp is the metric on the unit p-sphere.
At low energies only the mode with lowest angular mo-
mentum will contribute to the cross section. For scalars
this is the s-wave. The mode φω(r) with frequency ω
satisfies the equation
{(rp[f(r)]
1
2 [g(r)]
(p−1)
2 ∂r)
2 + ω2(r2g(r))p}φω(r) = 0 (2)
Define a coordinate τ by the relation
dτ =
dr
rp[f(r)]
1
2 [g(r)]
(p−1)
2
(3)
so that (2) becomes
[∂2τ + ω
2(r2g(r))p]φω(τ) = 0 (4)
1
Let the horizon be at the position r = rH . The area
of the horizon is
AH = r
2
Hg(rH)ωp ≡ R
p
Hωp (5)
where ωp is the volume of the unit p-sphere.
Close to the horizon we can write the solution of (4)
by treating r2g(r) ∼ R2H to be a constant. At the hori-
zon we want a purely ingoing wave, which is given by
φω(τ) = e
−iωRp
H
τ . At distances r >> M but rω << 1
this solution behaves as
φω ∼ 1− iωR
p
Hτ, τ ∼ −
1
p− 1
r−(p−1) (6)
In the region rω >> 1, the wave equation approxi-
mates to
[∂2ρ −
p(p− 2)
4ρ2
+ 1](ρp/2φω(ρ)) = 0 (7)
where we have used rescaled variables ρ = ωr. The solu-
tion is
φω(ρ) = ρ
(1−p)
2 [A J( p−12 )
(ρ) +B J
−( p−12 )
(ρ)] (8)
For rω << 1 this reduces to
φω(ρ) ∼
2−(
p−1
2 )A
Γ(p+12 )
+
2(
p−1
2 )ω(1−p)
Γ(3−p2 )
B
rp−1
(9)
whereas for rω >> 1 this becomes
φω ∼
√
2
piρp
[A cos(ρ−
pi(p− 1)
4
−
pi
4
)
+B cos(ρ+
pi(p− 1)
4
−
pi
4
)] (10)
where for p an odd integer, we take the analytic contin-
uation of all expressions in p, and the approximation in
the second part is valid for rω << 1. Matching onto (6)
we find
B
A
= i
2−(p−1)(ωRH)
p
p− 1
Γ(3−p2 )
Γ(p+12 )
(11)
which gives for the absorption probability of an l = 0
spherical wave
Γ = 1− |
1 + BAe
ipi(p−1)/2
1 + BAe
−ipi(p−1)/2
|2 (12)
= 4
2−(p−1)
p− 1
(ωRH)
p sin[pi(p− 1)/2]
Γ(3−p2 )
Γ(1+p2 )
(13)
in the limit ω → 0. To convert the spherical wave ab-
sorption probability into the absorption cross section we
have to extract the ingoing s-wave from the plane wave:
eikz → e−ikrr−p/2Y00K (14)
where Y00 = Ω
−1/2
p is the normalised s-wavefunction on
the p-sphere. Here Ωp =
2pi
p+1
2
Γ( p+12 )
is the volume of a unit
p-sphere. This gives
|K|2 =
1
4ωp
Ω−1p Ω
2
p−12
p(Γ[p/2])2 (15)
so that the absorption cross-section σ becomes
σ = Γ|K|2 =
2pi(p+1)/2RpH
Γ[(p+ 1)/2]
= AH (16)
where AH is the area of the horizon.
For minimally coupled massless spinors, the Dirac
equation may be written down by making use of the
properties of the massless Dirac operator under confor-
mal transformations (see e.g. [14])
∇µγ
µψ = f−
1
2 γ0∂0[ψ] + (fg
p+2)−
1
4 γi∂i[g
p
4 f
1
4ψ] = 0
(17)
Define χ = f1/4gp/4ψ and h =
√
f/g. Then the equation
is
hγi∂iχ = iωγ
0χ (18)
Note that
γi∂i = γ
r[∂r +
p
2r
] +
1
r
(γi∇i)T (19)
where the subsctipt T stands for the part of the differen-
tial operator tangent to the p-sphere. Write
χ =
∞∑
n=0
Fn(r)λ
+
n +Gn(r)λ
−
n (20)
where λ± are mutually orthogonal functions of the angu-
lar coordinates only. They satsify
γrγ0λ±n = λ
∓
n
γr(γi∇i)Tλ
±
n = ∓(n+
p
2
)λ±n (21)
Then we get
h[λ−n (∂r +
p
2r
)Fn + λ
+
n (∂r +
p
2r
)Gn
+
1
r
(−(n+
p
2
)Fnλ
−
n + (n+
p
2
)Gnλ
+
n )]
= iω[Fnλ
+
n +Gnλ
−
n ] (22)
Setting to zero the coefficients of λ± we get
h[∂rGn + (p+ n)
Gn
r
] = iωFn
h[∂rFn − n
Fn
r
] = iωGn (23)
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The lowest angular momentum modes are found for n =
0, which gives (with F ≡ F0)
∂2rF + ∂rF [
∂rh
h
+
p
r
] + ω2h−2F = 0 (24)
Define the new coordinate x through
d
dx
= (h(r)rp)
d
dr
(25)
The equation becomes
∂2xF + ω
2r2pF = 0 (26)
Again choosing an ingoing wave at the horizon, the ana-
logue of (6) is
F = 1− iωRpHg
−(d−1)/2
H
r−(p−1)
(p− 1)
(27)
where gH = g(rH) is the value of g(r) at the horizon. In
(27) we have used (25) to solve for x for large r
x =
ρ−p+1
(−p+ 1)
(28)
Comparing to the case of the scalar, we see that the
absorption probablity is g
−p/2
H times the result for the
scalar.
It is interesting to note for extremal holes rH → 0 and
gH → ∞ so that the absorption cross-section for mini-
mally coupled fermions vanish in this limit of extremality.
The absorption probablility above implies a cross sec-
tion
σ = 2g
−p/2
H AH (29)
Here the factor of 2 comes from the two spinors λ±
that contribute to the absorption at low energies, when
the incident wave is a plane wave times a constant spinor.
Note that (29) is 2ωpr
p, where ωpr
p is the area of the
horizon measured in the spatial metric ds2 = dr2+r2dΩ2,
which is conformal to the spatial metric in (1). Here r is
the isotropic radial coordinate.
It is well known thatN = 2 supergravity has black hole
solutions that preserve supersymmetry. In that case we
expect that the cross-section for the scalars and for their
spinor superpartners are related. The equation for these
spinors is not however the minimal Dirac equation, since
the superpartners of minimally coupled scalars have a
coupling to the electromagnetic field strength. This case
is under investigation.
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